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NIRT: Class of IRT models consisting of weak nonparametricassumptions e.g., Junker & Sijtsma (2000); Holland & Rosenbaum (1986); Mokken(1971); Ramsay (1991); Sijtsma & Molenaar (2003); Stout (1990)
Example: Monotone Homogene-ity Model (MHM Mokken, 1971;Molenaar, 1997)
� Unidimensionality� Local independence� Monotonicity:P (Xj � xj�) nondecreasing in �
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Ordinal measurement using NIRT models:
� Dichotomous items: MHM implies SO of � by X+e.g., Grayson (1988)

E(�jX+ = x� 1) � E(�jX+ = x)
� Polytomous items: MHM implies weak SO of � by X+Van der Ark & Bergsma (submitted)

E(�jX+ < x) � E(�jX+ � x)
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NIRT and real data:
1. Investigate �t: Mokken Scale Analysis

Logic: NIRT model ) Observable propertyObservable property failed ) Reject NIRT modelExample MHM ) all Cov(Xi; Xj) � 0Some Cov(Xi; Xj) < 0 ) reject MHM
(a) Partitioning items into Mokken scales(b) Investigating model assumptions per scale
Note: Parametric IRT models ) NIRT models

2. Interpret NIRT model: Estimate IRF, information on itemscalability, etc.
5



Advances in NIRT
Improvement of item selection algorithm (Straat, Friday)
Ordering of items (Ligtvoet, Friday)
Outlier detection (Zijlstra, Friday)
Testing observable properties using categorical marginalmodelsVan der Ark, Croon, & Sijtsma (2008); Bergsma, Croon, & Hagenaars (2009)
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Scalability coe�cients
Hij= Cov(Xi;Xj)Covmax(Xi;Xj) Item pair
Hi = PjCov(Xi;Xj)PjCovmax(Xi;Xj) Item
H = PiPjCov(Xi;Xj)PiPjCovmax(Xi;Xj) Scale

8><>:
H > :30 Weak scaleH > :40 Moderate scaleH > :50 Strong scaleMokken scale criteria

Criterion 1: Hij > 0Criterion 2: Hi > c � 0
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Small Real-Data Example: Three balance tasksData X1 X2 X31 1 1 02 1 1 03 0 0 04 1 1 15 1 1 16 1 0 07 0 0 08 1 1 19 0 0 010 1 1 0... ... ... ...484 1 1 1

Coe�cientsHij X1 X2 X3X1 1.00 .45 .62X2 .45 1.00 .55X3 .62 .55 1.00X1 X2 X3Hi .51 .49 .58P .84 .79 .44H .53alpha .54
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Challenges:
� Standard errors Hi
� Standard errors Hij, Hi, and H for polytomous items
� Simultaneous testing: Hij > 0 (Criterion 1)
� Simultaneous testing: Hij > d (Stronger Criterion 1)
� Simultaneous testing: Hi > c (Criterion 2)
� Testing scale: H = :50
� Testing equal item-scalability coe�cients
� Comparing groups: H1 = H2 = : : : = Hg
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Categorical Marginal models (CMMs)
� Collect data in contingency-table: n

X1 X2 X31 1 1 02 1 1 03 0 0 04 1 1 15 1 1 16 1 0 07 0 0 08 1 1 19 0 0 010 1 1 0... ... ... ...484 1 1 1

n =
0BBBBBBBBB@

42324104017167181

1CCCCCCCCCA

000001010011100101110111
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Categorical Marginal models (CMMs)
� Collect data in contingency-table: n� CMMs estimate frequencies m̂ under con-straints in (functions of) marginals
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Categorical Marginal models (CMMs)
� Collect data in contingency-table: n� CMMs estimate frequencies m̂ under con-straints in (functions of) marginals� Examples of constraintsH12 = H13 = H23
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Categorical Marginal models (CMMs)
� Collect data in contingency-table: n� CMMs estimate frequencies m̂ under con-straints in (functions of) marginals� Examples of constraintsH12 = H13 = H23

H12 = Cov(X1; X2)Covmax(X1; X2)
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Categorical Marginal models (CMMs)
� Collect data in contingency-table: n� CMMs estimate frequencies m̂ under con-straints in (functions of) marginals� Examples of constraintsH12 = H13 = H23

Obs. Exp.Coe�cientsH12 .45 .51H13 .62 .51H23 .55 .51Frequencies000 42 42.2001 3 5.6010 24 19.2011 10 11.6100 40 39.4101 17 17.2110 167 171.1111 181 177.6Global �tG2 2.99df 2
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Categorical Marginal models (CMMs)
� Collect data in contingency-table: n� CMMs estimate frequencies m̂ under con-straints in (functions of) marginals� Examples of constraintsH12 = H13 = H23H = :50

Obs. Exp.Coe�cientsH .53 .50Frequencies000 42 40.3001 3 3.2010 24 24.7011 10 10.8100 40 39.8101 17 17.8110 167 167.7111 181 179.6Global �tG2 0.23df 1
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Categorical Marginal models (CMMs)
� Collect data in contingency-table: n� CMMs estimate frequencies m̂ under con-straints in (functions of) marginals� Examples of constraintsH12 = H13 = H23H = :50(H1; H2; H3) = (:3; :3; :3)

Obs. Exp.Coe�cientsH1 .51 .30H2 .49 .30H3 .58 .30Frequencies000 42 28.9001 3 5.7010 24 25.2011 10 18.9100 40 37.6101 17 24.6110 167 176.0111 181 167.1Global �tG2 16.23df 3
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Categorical Marginal models (CMMs)
� Collect data in contingency-table: n� CMMs estimate frequencies m̂ under con-straints in (functions of) marginals� Examples of constraintsH12 = H13 = H23H = :50(H1; H2; H3)T = 0� Beyond Mokken scale analysisCronbach's alpha = .70Testing many other coe�cientsMarginal homogeneity:P (X1 = 1) = P (X2 = 1) = P (X3 = 1)Loglinear modellingPanel-data analysis.

Obs. Exp.Coe�cients� .54 .70Frequencies000 42 72.7001 3 1.9010 24 19.8011 10 6.3100 40 34.3101 17 11.1110 167 141.8111 181 196.2Global �tG2 27.65df 1
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ML estimation
L(m;�) = nT log(m)� �Tg(m)l(m;�) = n�m�G(m)�T

G(m), Jacobian of g(m), may be di�cult to obtain unless con-straints expressed in a general exp-log notation.
g(m) = �q(Aq�q�1(Aq�1 : : :�2(A2�1(A1m)))) = 0

Ai : Design matrix; �i(X) : exp(X): log(X): X+ c
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ML estimationFor example: H12 = Cov(X1;X2)Covmax(X1;X2) = 1� m+++m01+m0++m+1+ = :5
:5� exp [A2 log [A1m]] = 0
:5� exp

2666664 ( 1 �1 �1 1 ) log
2666664

 1 1 1 1 1 1 1 11 1 1 1 0 0 0 00 0 1 1 0 0 1 10 0 1 1 0 0 0 0
! 0BBBBB@

m000m001m010m011m100m101m110m111

1CCCCCA

3777775

3777775 = 0

:5� exp" ( 1 �1 �1 1 ) log m+++m0++m+1+m01+

! # = 0
:5� m+++m01+m0++m+1+ = 0
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ML estimation
Constraint

H = c
Constraint in generalized exp-log notation

g(m) = 1� exp(A4 log(A3 exp(A2 log(A1m))))� c = 0:
With

A1 =
0BBBB@

1Tq
11T �RT

RT(11T �RT )~RT

1CCCCA A2 = 1�Q1 � IL
A3 = 1�Q2 �Q2 A4 = �

1J �IJ IJ � :20



Asymptotic standard errors
�(g(m̂)) = G(m̂)T�(m̂)G(m̂)Coe�cientsHij X1 X2 X3X1 1.00 .45 .62

X2 .45 1.00 .55
X3 .62 .55 1.00

X1 X2 X3Hi .51 .49 .58
P .84 .79 .44
H .53

alpha .54

Coe�cientsHij X1 X2 X3X1 1.00 .45 .62(.07) (.09)X2 .45 1.00 .55(.07) (.08)X3 .62 .55 1.00(.09) (.08)X1 X2 X3Hi .51 .49 .58(.06) (.06) (.07)P .84 .79 .44(.02) (.02) (.02)H .53(.05)alpha .54(.04) 21



Considerations
� Size of design matrices rapidly increase as number of itemsincreases
� Equality and inequality constraints
� Assumption: Observed item ordering (P -values) is true or-dering.
� Sparse contingency tables not problematic.
� CMMs can be applied to all types of coe�cient
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Software (R-packages)

Van der Ark, L. A. (2008). mokken: Mokken scale analysis in R.Bergsma, W. P. & Van der Ark, L. A. (2009). cmm: R-package for categoricalmarginal models.
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